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Abstract
Let g be a Hermitian l2-structure on a nonempty set V , that is a map
from E2(V ) = {(x, y) : x 6= y ∈ V } to the complex field C such that
g(u, v) = g(v, u) for u 6= v ∈ V . With respect to an ordering v1, v2, . . . , vn of
V , the adjacency matrix of g is the n×n Hermitian matrix M = [mij ]1≤i,j≤n
in which mij = 0 if i = j and mij = g(vi, vj) otherwise. The characteristic
polynomial of g is defined as the characteristic polynomial of its adjacency
matrix. We say that g is k-spectrally monomorphic if all its substructures
with k vertices have the same characteristic polynomial. In this work, we
characterize the class of k-spectrally monomorphic Hermitian l2-structures
of order n, for k = 3, . . . , n− 3.
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1. Introduction
Let V be a nonempty set and let E2(V ) := {(x, y) : x 6= y ∈ V }. Follow-
ing [7], a labeled 2-structure on V , or shortly an l2-structure is a map g from
E2(V ) to a label set C. The elements of V are called the vertices of g. Let
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g be an l2-structure with vertex set V . With each subset X of V associate
the l2-substructure g[X ] of g, induced by X , defined on X by g[X ](x, y) :=
g(x, y) for any x 6= y ∈ X . The l2-structures were introduced to generalize
the notion of graphs, tournaments and other binary structures. Recall that
an n-tournament T is a digraph of order n in which every pair of vertices is
joined by exactly one arc. If the arc joining vertices u and v of T is directed
from u to v, then u is said to dominate v (symbolically u → v). For more
details about tournaments, we refer the reader to [15].
Let g be a complex l2-structure with n vertices, that is, its label set is
the complex field C. The adjacency matrix of g, with respect to an ordering
x1, . . . , xn of its vertex set, is the n × n complex matrix M = [mij ]1≤i,j≤n
in which mij = 0 if i = j and mij = g(xi, xj) otherwise. The characteristic
polynomial Pg of g is defined as the characteristic polynomial of M , that
is Pg(x) := det(xIn −M). This definition is correct because the adjacency
matrices of g with respect to different ordering are permutationally similar
and so have same characteristic polynomial.
We say that a complex l2-structure g is Hermitian if g(u, v) = g(v, u)
for every distinct vertices u, v of g, or, equivalently, its adjacency matrix
is Hermitian. A tournament T on a set V can be identified to the Her-
mitian l2-structure g on the set V such that g(x, y) = i if x dominates y
and −i otherwise. More generally, let c be a non-real complex unit number.
A c-representation of a tournament is the complex l2-structure defined by
g(x, y) = c if x dominates y and c otherwise.
Let g and h be two l2-structures with the same set of labels and whose
vertex sets are, respectively, V and W . We say that g and h are isomorphic,
(symbolically g ∼= h), if there exists a bijection σ from V onto W such
that g(x, y) = h(σ(x), σ(y)) for any x 6= y ∈ V . Clearly, two l2-structures
are isomorphic if and only if their adjacency matrices are permutationally
similar. Let k be a positive integer. An l2-structure with at least k vertices
is k-monomorphic if all its substructures with k vertices are isomorphic. The
notion of monomorphy was introduced by Fra¨ısse´ [9] for relations. Several
results about monomorphic relations was obtained by Assous [1], Frasnay
[10] and Pouzet [17, 18]. A basic example of monomorphic relations is the
class of transitive tournaments. A tournament T is said to be transitive
if, whenever vertex x dominates y, and y dominates z, then x dominates
z. The smallest non-transitive tournament consists of 3 vertices x, y and
z such that x → y → z → x. Such a tournament is called a 3-cycle.
It is not difficult to see that a 3-monomorphic tournament with at least 4
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vertices is transitive. Moreover, it follows from a combinatorial lemma of
Pouzet [17] that if 3 ≤ k ≤ n − 3, then a k-monomorphic n-tournament is
3-monomorphic and hence it is transitive. For k = n−2, it is easy to see that
an n-tournament whose automorphism group acts transitively on the set of
its arcs is (n− 2)-monomorphic. Such tournaments are called arc-symmetric
and were characterized by Kantor [13] and by Berggren [2]. Conversely, Jean
[12] proved that a (n− 2)-monomorphic tournament with at least 5 vertices
is either transitive or arc-symmetric. The problem of the characterization of
(n−1)-monomorphic n-tournaments proposed by Kotzig (see [3], problem 43,
p. 252) remains unsolved. Some progress about this problem was obtained
by Yucai et al [20] and Issawi [8]. In [4], Boudabbous proposed a weak notion
of monomorphy of tournaments using ”isomorphy up to complementation”
instead of ”isomorphy”. An analogue study for graphs was done by Boushabi
and Boussairi [5].
As we have seen above, the adjacency matrices of two isomorphic complex
l2-structures are permutationally similar and then have the same characteris-
tic polynomial. This motivates us to consider the following weaker version of
monomorphy. A complex l2-structure g is k-spectrally monomorphic if all its
substructures with k vertices have the same characteristic polynomial. In this
paper, we characterize all k-spectrally monomorphic Hermitian l2-structures
on n vertices for 3 ≤ k ≤ n− 3.
2. Some properties of k-spectrally monomorphic Hermitian l2-sructures
Let V be a nonempty set of size n. A selector δ on V is a map from V
to the set C∗ = C \ {0} such that |δ(x)| = |δ(y)| for every x, y ∈ V . Abusing
language, the modulus |δ| of δ is the common modulus of δ(x) where x ∈ V .
Let g be a Hermitian l2-structure on V and let δ be a selector. We define
a new l2-structure gδ as follows gδ(x, y) := δ(x)g(x, y)δ(y) for x 6= y ∈ V .
Let M be the adjacency matrix of g, with respect to an ordering x1, . . . , xn
of V . The matrix of gδ is M ′ = DMD, where D = diag(δ(x1), . . . , δ(xn)),
the diagonal matrix with diagonal entries δ(x1), . . . , δ(xn). Clearly, g
δ is
Hermitian. Moreover, D = |δ|2D−1. Then M ′ = |δ|2DMD−1, and hence
the characteristic polynomial of gδ is
Pgδ(x) = |δ|
2n Pg(
x
|δ|2
) (1)
Let X be a subset of V and let δ′ be the restriction of δ to X . Since
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gδ [X ] = (g [X ])δ
′
, we have
Pgδ[X](x) = |δ|
2|X| Pg[X](
x
|δ|2
) (2)
We can define an equivalence relation ∼ between Hermitian l2-structures
on the set V by g ∼ g′ if and only if there exists a selector δ on V such that
g′ = gδ.
Remark 1. Let g and g′ be two equivalent Hermitian l2-structures on V .
From equality 2, if g is k-spectrally monomorphic, then g′ is k-spectrally
monomorphic as well.
Let w ∈ V . We say that a Hermitian l2-structure g on V is normalized
at w if g(w, v) = g(v, w) = 1 for v 6= w ∈ V .
The following proposition is a easy to prove.
Proposition 2.1. Let g be a non-zero Hermitian l2-structure on the set V .
Then we have
1. g is 2-spectrally monomorphic if and only if |g(x, y)| is independent of
(x, y).
2. If g is 2-spectrally monomorphic, then for any w ∈ V , there exists a
unique Hermitian l2-structure g˜ equivalent to g and normalized at w.
Let M be a complex n × n matrix. Recall that a principal minor of M
is the determinant of a square principal submatrix of M . The order of a
principal minor is k if it is the determinant of a k × k principal submatrix.
The connection between principal minors of the matrixM and the coefficients
of its characteristic polynomial is given by the following lemma.
Lemma 2.2. We denote by PM(x) := det(xIn−M) = x
n+a1x
n−1+a2x
n−2+
· · ·+ an−1x+ an the characteristic polynomial of M . Then
ap = (−1)
p
∑
(all p× p principal minors of M) for p = 1, . . . , n (3)
Let g be an l2-structure on a set V of size n and let P = xn + a1x
n−1 +
a2x
n−2 + · · ·+ an−1x+ an be the characteristic polynomial of g. Equality 3
can be written as follow
ap = (−1)
p
∑
Z⊆[V ]p
det g[Z] for p = 1, . . . , n (4)
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where [V ]p is the set of all p-elements subsets of V .
A fundamental property of k-spectral monomorphy is given in the follow-
ing proposition.
Proposition 2.3. Let g be ak-spectrally monomorphic complex l2-structure
on n vertices for some k ∈ {1, . . . , n− 1}. Then, for every subsets X and Y
of V such that |X| = |Y | ≤ min(k, n− k), we have det g[X ] = det g[Y ].
To prove this proposition, we will apply the following result which is a
consequence of Lemma II − 2.2 of [17].
Lemma 2.4. Let V be a set of size n. Let p and r be two arbitrary integers
satisfying n ≥ p + r and let f be a map from [V ]p to a Q-vector space. If∑
P⊆B
f(P ) is independent of B, where B ∈ [V ]p+r, then for any subset X of
V such that |X| ≤ n − (p + r), the number
∑
X⊆P
f(P ) depends only on the
cardinality of X. Moreover, if n ≥ 2p+ r, then f is a constant map.
Proof of Proposition 2.3. Let p ≤ min(k, n − k) and let r := k − p.
We will apply Lemma 2.4 to the map f(Z) := det g[Z], where Z ∈ [V ]p.
For this, let X1, Y1 ⊆ V such that |X1| = |Y1| = p + r = k. Since g
is k-spectrally monomorphic, g[X1] and g[Y1] have the same characteristic
polynomial xk + a1x
k−1 + . . .+ apx
k−p + . . .+ ak. From equality 4, we have
ap = (−1)
p
∑
Z∈[X1]p
det g[Z] = (−1)p
∑
Z∈[Y1]p
det g[Z].
and hence
∑
Z∈[X1]p
f(Z) =
∑
Z∈[Y1]p
f(Z). Moreover, n ≥ 2p + r because p ≤
min(k, n− k), then by Lemma 2.4, f is a constant map.
The following result is an equivalent form of Proposition 2.3.
Proposition 2.5. A k-spectrally monomorphic complex l2-structure is p-
spectrally monomorphic for p = 1, . . . ,min(k, n− k).
The next corollaries are particular cases of Proposition 2.5.
Corollary 2.6. Let g be a k-spectrally monomorphic complex l2-structure
on a set V with at least 2k − 1 elements. Then, for every subsets X and Y
of V such that |X| = |Y | ≤ k, we have det g[X ] = det g[Y ].
Corollary 2.7. A k-spectrally monomorphic complex l2-structure with at
least 2k − 1 vertices is p-spectrally monomorphic for p = 1, . . . , k.
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3. Characterization of k-spectrally monomorphic Hermitian l2-structures
with n vertices for k ∈ {3, 4, . . . , n− 4}
The crucial step is to characterize k-spectrally monomorphic Hermitian
l2-structures for k ∈ {3, 4}. This is the object of the following Theorem.
Theorem 3.1. Let g be a Hermitian l2-structure with n vertices x1, . . . , xn.
Then we have the following statements
i) If n ≥ 5, then g is 3-spectrally monomorphic if and only if g is equivalent
to either a real constant, a c-representation of a transitive tournament
or an i-representation of a non-transitive tournament in which x1 dom-
inates xj for j = 2, . . . , n.
ii) If n ≥ 7, then g is 4-spectrally monomorphic if and only if g is equivalent
to either a real constant, or a c-representation of a transitive tourna-
ment.
To prove this theorem, we start with the study of the label set of normal-
ized 3-spectrally monomorphic Hermitian l2-structures.
Lemma 3.2. Let g be a Hermitian l2-structure with vertex set V = {x1, · · · , xn}
and n ≥ 5. If g is 3-spectrally monomorphic normalized at x1, then there ex-
ists a unit complex number c such that for every i, j 6= 1, we have g(xi, xj) ∈
{c, c}.
Proof. By Corollary 2.6 , det g[X ] = det g[Y ] for every subsets X and Y
of V such that |X| = |Y | ≤ 3. Let i, j 6= 1. Then,
det g[x1, x2] = det g[xi, xj ]
det g[x1, xi, xj ] = det g[x1, x2, x3]
It follows that
g(xi, xj)g(xi, xj) = g(x1, x2)g(x1, x2) = 1 (5)
Moreover
det g[x1, xi, xj ] = g(xi, xj) + g(xi, xj)
We set g(x2, x3) = c. Then{
g(xi, xj) + g(xi, xj) = c + c
g(xi, xj)g(xi, xj) = cc
Hence g(xi, xj) ∈ {c, c}.
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As a consequence of Lemma 3.2, we obtain the following.
Corollary 3.3. Let g be a 3-spectrally monomorphic Hermitian l2-structure
with n ≥ 5 vertices x1, . . . , xn. Then g is equivalent to a Hermitian l2-
structure g′ such that g′(xi, xj) ∈ {c, c} for i 6= j ∈ {1, . . . n}, where c is a
unit complex number and g′(x1, xj) = c for j ∈ {2, . . . n}.
Proof. By Corollary 2.7, g is 2-spectrally monomorphic. It follows from
assertion 2 of Proposition 2.1 that g is equivalent to a Hermitian l2-structure
g′, normalized at x1. By Remark 1, g
′ is 3-spectrally monomorphic. Thus, by
Lemma 3.2, there exists a unit complex number c such that for every i, j 6= 1,
we have g′(xi, xj) ∈ {c, c}.
Consider now the selector θ(xj) :=
{
1 if j = 1
c otherwise
.
For j ∈ {2, . . . n}, we have g′θ(x1, xj) = θ(x1)g
′(x1, xj)θ(xj) = c. For i 6=
j ∈ {2, . . . n}, g′θ(xi, xj) = θ(xi)g
′(xi, xj)θ(xj) = cg
′(xi, xj)c = g
′(xi, xj).
This complete the proof.
Now, we are able to prove Theorem 3.1.
Proof of Theorem 3.1. i) Consider the Hermitian l2-structure g′ equiv-
alent to g, as described in Corollary 3.3. If c ∈ {1,−1}, then g′ is a con-
stant. Assume that c /∈ {−1, 1} and consider the tournament T with vertices
x1, . . . xn such that xi dominates xj if and only if g
′(xi, xj) = c. Clearly x1
dominates xj for j ∈ {2, . . . n}. We will prove that if T is not transitive, then
c ∈ {−i, i}. For this, assume that T contains a 3-cycle xj → xk → xl → xj .
Since g′(x1, xs) = c for s ∈ {2, . . . n}, x1 dominates xj , xk and xl, then
det g′[xj , xk, xl] = c
3 + c3
and
det g′[x1, xj , xk] = c+ c
As g′ is 3-spectrally monomorphic, we must have c3 + c3 = c + c, and thus
c ∈ {+i,−i}. Consequently, g′ is an i-representation of the non-transitive
tournament T .
Conversely, if g is equivalent to a real constant or to a c-representation
of a transitive tournament, then g is k-spectrally monomorphic for every
k. Now, assume that g is equivalent to an i-representation g′ of a non-
transitive tournament. Let xj , xk and xl be three vertices of g. Without loss
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of generality, we can assume that xj → xk → xl and xl → xj or xj → xk → xl
and xj → xl. In both cases, the characteristic polynomial of g
′[xj , xk, xl] is
x3 − 3x. Thus, g′ and hence g is 3-spectrally monomorphic.
ii) By Corollary 2.7, g is 3-spectrally monomorphic. Using the first asser-
tion, it suffices to prove that g cannot be equivalent to an i-representation g′
of a non-transitive tournament T in which x1 dominates xj for j = 2, . . . , n.
For this, assume the contrary and let xj → xk → xl → xj be a 3-cycle of T .
Then, we have det g′[x1, xj, xk, xl] = 9.
Let m /∈ {1, j, k, l}. It is not difficult to check that if xm → xk, then
det g′[x1, xj, xk, xm] = 1 and if xk → xm, then
det g′[x1, xk, xl, xm] = 1
This contradicts the fact that g′ is 4-spectrally monomorphic.
The following corollary is a direct consequence of Corollary 2.7 and Propo-
sition 2.5.
Corollary 3.4. Let g be a Hermitian l2-structure with n vertices. If n ≥ 8
and 4 ≤ k ≤ n − 4, then g is k-spectrally monomorphic if and only if g
is equivalent to either a real constant, or a c-representation of a transitive
tournament.
4. Characterization of (n− 3)-spectrally monomorphic Hermitian
l2-structures
Clearly, real constants l2-structures and c-representation of transitive
tournaments are k-spectrally monomorphic for every k. The following propo-
sition provides another non trivial example of (n−3)-spectrally monomorphic
Hermitian l2-structures. It is based on skew-symmetric conference matrices.
Recall that a conference matrix (also called a C-matrix) is an n × n ma-
trix C with 0 on the diagonal and +1 and −1 off the diagonal, such that
CtC = (n− 1) In, where C
t is the transpose of the matrix C and In is the
identity matrix.
Proposition 4.1. Let S be a skew-symmetric conference matrix of order
4t+ 4. Then we have the following statements:
i) The characteristic polynomial of iS is (x2 − 4t− 3)2t+2.
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ii) The characteristic polynomial of the matrix obtained from iS by deleting
one row and the corresponding column is x(x2 − 4t− 3)2t+1.
iii) The characteristic polynomial of the matrix obtained from iS by deleting
two rows and the corresponding columns is (x2 − 1)(x2 − 4t− 3)2t.
iv) The characteristic polynomial of the matrix obtained from iS by deleting
three rows and the corresponding columns is x(x2− 3)(x2− 4t− 3)2t−1.
The proof of this proposition is contained implicitly in [11]. It is based
on the interlacing theorem due to Cauchy [6]. It follows from assertion iv) of
this Proposition that the Hermitian l2-structure with the adjacency matrix
iS is (n− 3)-spectrally monomorphic.
Skew conference matrices are related to skew Hadamard matrices. A
Hadamard matrix H is a square matrix of order n whose entries are from
{−1,+1} and whose rows are mutually orthogonal, or equivalently, HH t =
H tH = nIn. It is well known that the order of a Hadamard matrix is
necessarily 1, 2 or a multiple of 4. It is conjectured [16] that Hadamard
matrices of order n always exist when n is divisible by 4. A Hadamard
matrix H of order n is called skew if H +H t = 2In. It is easy to see that H
is a skew Hadamard matrix if and only if H−In is a skew conference matrix.
Reid and Brown [19] gave a construction of skew Hadamard matrices from
doubly regular tournaments. Let T be a doubly regular tournament of order
n, that is, there exists t > 0, such that every pair of vertices is dominated
by exactly t vertices. It is well known that n = 4t+ 3. We denote by T̂ the
tournament obtained from T , by adding a new vertex which dominates every
vertex of T . If A is the adjacency matrix of T̂ , then A−At+ I4t+4 is a skew
Hadamard matrix and hence A−At is a skew conference matrix. Conversely,
let H be a skew Hadamard matrix of order 4t+ 4, and assume that the first
row of H consists entirely of +1′s. We can partition the matrix H as follows
H :=
(
1 e
−et K
)
where e = (1, ..., 1). Let J4t+3 denotes the all-ones matrix. Reid and Brown
[19] showed that the tournament with adjacency matrix 1
2
(K+J4t+3−2I4t+3)
is doubly regular.
Let T be an n-tournament and let x, y be two vertices of T . We denote
by C3(x, y) (resp. O3(x, y)), the number of 3-cycles (resp. the number of
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transitive 3-tournaments) of T containing x, y. The tournament T is said
to be homogeneous if there exists an integer k > 0 so that C3(x, y) = k for
every vertices x, y of T . Kotzig [14] proved that such a tournament contains
exactly 4k− 1 vertices. Moreover, Reid and Brown [19] established that it is
doubly regular.
The characterization of (n − 3)-spectrally monomorphic Hermitian l2-
structures is given by the following theorem.
Theorem 4.2. Let g be a Hermitian l2-structure with n vertices. If n ≥ 6,
then g is (n−3)-spectrally monomorphic if and only if g is equivalent to either
a real constant l2-structure, a c-representation of a transitive tournament or
an i-representation of T̂ , where T is a doubly regular tournament of order
n− 1.
Proof. We start the proof with the converse implication. As we have
mentioned above, real constant l2-structures and c-representation of tran-
sitive tournaments are k-spectrally monomorphic for every k. Let g an i-
representation of T̂ , where T is a doubly regular tournament of order n− 1.
The adjacency matrix of g has the form iS, where S is a skew conference
matrix. It follows from Proposition 4.1, that g is (n−3)-spectrally monomor-
phic. To prove the direct implication, assume that g is (n − 3)-spectrally
monomorphic. By Proposition 2.5, g is 3-spectrally monomorphic. Using the
first statement of Theorem 3.1, we can assume that g is an i-representation
of a non-transitive tournament R in which x1 dominates xj for j = 2, . . . , n.
To complete the proof, it suffices to check that the tournament T := R− x1
is doubly regular.
Consider two arbitrary vertices x, y of T . It is easy to see that for every
z ∈ V \ {x1, x, y}, det g[x1, x, y, z] = 9 if x, y and z form a 3-cycle of T and
det g[x1, x, y, z] = 1 otherwise. It follows that∑
|P |=4,{x1,x,y}⊆P
det g[P ] = 9C3(x, y) +O3(x, y)
Since C3(x, y) +O3(x, y) = n− 3 , we have
C3(x, y) =
1
8
∑
|P |=4,{x1,x,y}⊆P
det g[P ]−
1
8
(n− 3)
To conclude, it suffices to prove that the number
∑
|P |=4,{x1,x,y}⊆P
det g[P ]
does not depend on x and y. For this, we will use Lemma 2.4 applied to the
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map f(P ) := det g[P ] for p := 4 and r := n−7. Let X1and Y1 be two subsets
of V with |X1| = |Y1| = n − 3. Since g is (n − 3)-spectrally monomorphic,
the substructures g[X1] and g[Y1] have the same characteristic polynomial
L = λn−3 + a1λ
n−4 + . . .+ apλ
n−3−p + . . .+ an−3
It follows that
a4 =
∑
|P |=4,P⊆X1
det g[P ] =
∑
|P |=4,P⊆Y1
det g[P ]
Hence for a subset X of V with |X| = 3, the number
∑
|P |=4,X⊆P
det g[P ] does
not depend on X .
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